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Abstract 

We are interested in solutions 9 t of the Schrodinger equation of N 
interacting bosons under the influence of a time dependent external field, 
where the range and the coupling constant of the interaction scale with 
N in such a way, that the interaction energy per particle stays more or 
less constant. Let N vo be the particle number operator with respect 
to some tpa £ L 2 (R 3 — > C). Assume that the relative particle num- 
ber of the initial wave function iV _1 (* , .A/ Vo *o) 

converges to one as 

N — > oo. We shall show that we can find a ip t G Z/ 2 (R 3 — > C) such that 
liniAr^ t x>-/V _1 <*t,A^ ¥!, *t) = 1 and that ipt is — dependent of the scal- 
ing of the range of the interaction — solution of the Gross-Pitaevskii or 
Hartree equation. 

We shall also show that under additional decay conditions of ipt the 
limit can be taken uniform in t < oo and that convergence of the relative 
particle number implies convergence of the fc-particle density matrices of 

1 Introduction 

In this paper we wish to analyze the dynamics of a Bose condensate of N 
interacting particles when the external trap — described by an external potential 
At — is changed, for example removed. 

We are interested in solutions of the JV-particle Schrodinger equation 

i±* t =H* t (1) 
with some symmetric we shall specify below and the Hamiltonian 

N n N 

H = -J2*i+ E v»( Xj -x k ) + J2Mxi) (2) 

j=l frk=l 3 = 1 
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acting on the Hilbert space L 2 
ing behavior of the interaction 



-> C), where (3 € K stands for the scal- 
The we wish to analyze scales with the 
particle number in such a way, that the total interaction energy scales in the 
same way as the total kinetic energy of the N particles. For the heuristic ar- 
guments we shall give first one should think of a interaction which is given 
by Vp (x) — N~ 1+3/3 v(NPx) for a compactly supported, spherically symmetric, 
positive potential v £ L°° . The interactions we shall choose below will be of a 
more general form. The A t describing the trap potential is a time dependent ex- 
ternal potential which we shall choose — in contrast to — not iV-dependent. 
Note, that H conserves symmetry, i.e. for any symmetric function 'J'o also H^o 
and thus \& t is symmetric. 

Assume moreover that the initial wave function 'J'o is a condensate, i.e. that 
there exists a L 2 function ipo such that 

lim (^n^o) = 1 

N^oc 

where n Vo is the particle number operator of particles in ipo (see Definition 12.11 
(c) and Lemma EOS (a)). 

Under these and some additional technical assumptions we shall show that 
also V^t will be a condensate, i.e. that there exist L 2 functions ip t such that 

lim (* ,n Pt *o) = 1 

TV— >oo 

uniform in t on any compact subset of R + and — under additional decay con- 
ditions on if t — uniform in t £ K + . 

Even more: We shall show that ipt solves the differential equation 



d 



(A + A t + V Vt )cpt 



(3) 



with ip as above, where the "mean field" V Vt depends on <p t itself, so ([3]) is 
a non-linear equation. For different regimes of (3 different effective mean field 
potentials will appear: 



(3 < 


(3 = 


< (3 < 1 


(3 > 1 


v vt = o 


V Vt =v*\(p t \' z 


V vt =2a\ip t \* 


v vt = o 



We explain the table. For (3 < limjv^oo 
heuristically clear that the mean field is zero 



N 



i=2 u Si 



0, so it is 



v/N and hence particle (say number one) feels N 1 ^ 1=2 v(x 



J v(x — y)\ipt\ 2 (y)d 3 y assuming that the particles are |</j t | 2 -distributed. In this 
case (j3|) is called "Hartree equation" . This limit has already been proven in the 
literature [8] . A sketch of an alternative proof shall be given below to motivate 
the technique used in this paper for the cases < (3 < 1 we shall focus on here. 

For < (3 the interaction becomes 5-like. To be able to "average out" the 
potential it is important to control the microscopic structure of Assuming 
that the energy of ^ t is small, the microscopic structure is — whenever two 
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particles approach — roughly given by the zero energy scattering length of the 
potential 1 /2v^ (the factor 1/2 comes from the fact that one has to go to relative 
coordinates of the two particles) . 

For (3 = 1 the scaling of the potential is such that the zero energy scattering 
state of f N (x) of the potential Vp /2 scales like f N = fi(Nx). It follows that 
the mean field is given by 2a|</?t| 2 , where a is the scattering length oiv/2. 

For < (3 < 1 the scaling is "softer" and the microscopic structure disap- 
pears as iV — * oo. Thus the mean field is given by V Vt = ||w||i|(^t| 2 . One can 
also argue, that for "soft scalings" the scattering length is in good approxima- 
tion given by the first order Born approximation, i.e. by the Li-norm of the 
interaction. 

For (3 > 1 note, that the scattering length of a spherically symmetric poten- 
tial is always smaller than the radius of its support, thus for > 1 Na^ — > for 
N — > oo, implying that the interaction becomes negligible for (3 > 1 as N — > oo. 

The cases (3=1 and < (3 < 1 have been proven recently for the special case 
At = [TJ [2 [3j |4] . We shall give an alternative proof including time dependent 
external potentials and with weaker conditions on "Jo and also generalizing to 
hard core potentials for /3 = 1. 

2 Definition of the Projectors 

Before we consider the different cases of < (3 < 1 we define the following 
operators acting on L 2 (M. 3N — » C) we shall need in the proofs below 

Definition 2.1 For any ip £ L 2 (R 3 — > C) we define 

(a) for any 1 < j < N and any ip € L 2 (M. 3 — * C) the orthogonal projector p^ 
of the j th particle onto ip defined by 

pj* := <p(xj) j ' ip(xj)*^(xi, . . . ,x N )d 3 Xj 

for any * G L 2 (R m -> C). We shall also need qf =l-p?. 

(b) For any 0<k<j<Nwe define the set 

j 

A{ ■■= {(<xi, a 2 , . . ■ , a,j) : ai G {0, 1} ; a; = k} . 

i=i 

For any < k < j < N and any <p{xj) G L 2 (R 3 —> C) we define the 
orthogonal projector P^ k acting on L 2 (M. 3N — > C) as 

E f{{vl- j+ i) l ~ ai ^N-3 + i) ai 

aeA 3 k 1 = 1 

and denote the special case j = N by := Pfr For negative k and 
k> N we set P£ := 0. 
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(c) For any function f : {0,1,..., N} 



C) L\ 



2An>3W 



we define the operator jf 



N 



(4) 



VPe s/ia/Z aZso need translations of the operators f : Let f : {0, 1, . . . , TV} — » 
R+ anddeZ. We define the operator f$ : L 2 (R 3N -> C) -> L 2 (R 37V -> 
C) as 

AT+d 

Notation 2.2 Throughout the paper hats ^ shall solemnly be used in the sense 
of Definition \2.1\ (c). In what follows the letter C will be used for various 
constants that need not be identical even within the same equation. 

With Definition 12.11 we arrive directly at the following Lemma based on combi- 
natorics of the and gj: 

Lemma 2.3 (a) For any functions f, g{0, 1, . . . , N} — > R + we have that 

Id = fg = gf fpj = pjf fPj,k = Pj,kf ■ 



(b) Let n : {0,1,..., TV} -> R+ be given by n(k) := y/k/N. Then the re- 
spective (n^) 2 (c.f. O) ) equals the relative particle number operator of 
particles not in the state ip, i.e. 



N 



3=1 



(c) For any function f : {0,1, N} 
C) we have 



and any symmetric £ L 2 (R 3JV 



< 



1/^*11 2 
N 



N-l 



f v (n v ) 2 ^>\ 



(5) 
(6) 



(d) For any function f : {0, 1, . . . , N} 
any j, k = 0, 1, 2 we have 



~, any function v 



and 



where Q% := p\p\°, Qf := p\q 2 and Q\° := qf q$ 



4 



(e) For any w £ i°°(R 3 — * C) and any symmetric e L 2 (R m — > C) 

|<¥,u>(a;i)*) - (<p,w<p)\ < 4HU (iV- 1 / 4 + HW 2 *!! 2 ) . (7) 

Proof: (a) follows immediate from definition 12-11 using that pj and qj are 
orthogonal projectors. 

For (b) note that 1 = X}fc=i ■ Using also (q^) 2 = q£ and qtpt = we get 



N N N N N N 

k=l k=l j = l j = l k=l j=l 



and (b) follows. 

For ([5]) we can write using symmetry of '5 



N 



k=l 

= (*,(nv*> = (*,qf(n 2 qf*) = ii(n?r*u 2 • 

Similarly we have for © 

N 

= ^^ii/w*ii+^17x*ii 

and (c) follows. 

Using the definitions above we have for (d) 



JV 



1=0 

N N+k-j 



Z=0 l=k-j 
N+k-j 

= Y Q%v( Xl ,x 2 )f(l + j-k)PfQ% = Qjv( Xl ,x 2 )f^Qt 
i=k-j 

For (e) we have 

|(*,t«(xi)*) - (<p,w<p)\ = \ipt%w(xi)pf9) + (pf*,«;(xi)gf*) + (qfV,w( Xl )p^) 

+ (qfy,w( Xl )qfy) ~ (<p,W<p)\ 

< (tp, w <p) (i - ibr*n 2 ) + ii^iiooikr^ii 2 + 2K#*,«/( SC iK*>i 

< 2|| U ;|| 00 ||^|| 2 + 2\\(n^)- 1 / 2 qfn \\{n^) 1 l 2 w{x 1 )p'(n . 
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Using that y/k + 1 < \fk + 1 (thus n(k + 1) < n(k) + N^ 1 / 2 ) and part (d) 
|| {Wf' 2 w{x l )p(^f = {^,plw{x l )n' fi q(w{x 1 )p^) + (*,p^(a;i)n>fw(a;iK*> 
= ((n ¥ ') 1/2 *,pfu;(a; 1 ) g f W (a;iK(^) 1/2 *> 

+((« v 1 ) 1 / 2 *,pW I1 ) P Wx 1 K(? 1 ) 1/2 t) 

< 11^)11^ (2||(n*') 1 /^||2 + 7V -V2) 
thus part (c) of the Lemma yields 

|<tf,it;(a;i)tf) - (<p,wip)\ < 4HU (\\n^\\ 2 + N^ 4 + \\ (n^tff ) 
With the operator inequality (n v ) A < (n v y for any A < 7 we get (e). 

□ 

2.1 Convergence of the Reduced Density Matrix 

Lemma 2.4 Let j > 0, ip e L 2 and let * e L 2 (R 3N — > C) be symmetric, let 
jti('J') &e ifte reduced one particle density matrix of . Then 

(a) 



(b) 



lim 11^*11=0^ lim (^An^y^) = 

Af^oo AT->oo \ ' 



lim (*,(n v ) j *) =0=> lim = \<p){tp\ 



m weak-k sense. 
Proof: We shall show that 

lim (n v f *) = lim (n*^ *\ = 

iV— >oo N^oo \ I 



for any j, Z > 0, which is equivalent to (a). 

Let limjv->oo(*> in^Y^) = for some j > 0. It follows, that there exists a 
function S(N) with limAr^oo S(N) — such that 



fe=0 ^ 7 



Let fc(./V) be the smallest integer such that ^ fc( ^ ^ < y/S(N). It follows that 
( M ^ ±1 ) J > V^V) ^d thus E^(jv) + i 11^*11 < VW)- Hence 

E u = E (£) iift*n+ E w p *n 



fe=0 x 7 fc=0 x 7 fe(JV)+l 

< 
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Thus liniAr^oo (V, {n^) J = and (a) follows. 

With (a) we can choose without loss of generality j = 2 to prove (b) . So let 

lim (n v )H) = . 

With Lemma [2.31 (c) we have using symmetry of ty t that limw^oo Ikf^l = 
and limjv-foo Hpf^H = 1. Note, that 



' 3N ' 3 x 



3N - 3 x 



= J *(•, X 2 , ... ,X N )V*(;X 2> ... ,X N )d 3N 3 X 

= J pf 1 $(-,x 2 , ■ ■ . ,x N )p^*(-,x 2 , ■ ■ ■ ,x N )d 

+ J q^(;X 2 ,...,X N )p^*(;X 2 ,...,X N )d 3N - 3 

+ J pf '*(-, x 2 , . . . ,x N )qf^*(-,x 2 , . . .,x N )d 

+ J qf^(-,x 2 , . . . ,x N )qf ■$*(■, x 2 , . . .,x N )d 



■3N-3 X 



The first summand equals ||pf , I'|| 2 \ip}(ip\, the other summands have operator 
norm \\qf ^\\ \\pf <3>|| and ||gf , I'|| 2 respectively and the Lemma follows. 

□ 

Remark 2.5 Similarly one can proof that limN^oo (<]/, (n»') 7 f ) = for 7 € R + 
implies convergence of the reduced k -particle density matrix for any fixed k < 00. 

3 Derivation of the Hartree equation 

Let us now consider the different cases for (3. To motivate the technique we 
shall use below, we first take a short look at (3 = 0. In this case we have that 
the mean field is of the form v ★ \ <fit\ 2 and © becomes the Hartree equation. 

Let ipt be a solution of the Hartree equation, let T < 00 be such that 
IMloo < 00 for all t < T. 

Defining 

a t :=||^'* t || = (* t ,(n^) 2 * t ) (8) 

and assuming that ao — > as N — > 00 we wish to show that a t — > uniform in 
t < T. 

Note, that at is 1/N times the expectation of particles which are not in the 
state <pt, i-e. 1 — at = {^t, (l — (n Vt ) 2 ) ^t) i s times the expectation of 
particles which are in the state ipt- 

By © 

a' t = ja t := -»<*,, [H - H H , (r^) 2 ]**) 
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H H :=Y,-^+Mx 3 ) + (v^\ Vt \ 2 )( Xj ) . 



Using symmetry of and Definition 12.11 we have 



N 



N 



a' t = -iN-^(* t ,[^ V »(x k -xt)-^v*\n\ 2 (x l ),qf>]* t ) 
j=l kjtl 1=1 

= -»(* t , v%{x h - X1 )- v * \ Vt \ 2 (xi), «ri*t) 



= -i(* t , ((iV - 1)^ (a; 2 - a*) - u * |v>t| 2 (a;i))«r*t> 
+<(**, « (a* - Xi) - v* |^| 2 (n))* t ) 

= -<«* tJ «r ((jv - i)<(x a - xi) - « * i^i 2 ^))^**) 

-t(* t ,p?« ((N - l)v$(x 2 -xi)-v* \^{x{))qf^ t ) 
((iV - l)«^(x 2 - a*) - « * |^| 2 (xi))?r ¥*) 

+<(**, «r ((^ - iHfa -xi)-v* \vt\ 2 (xi))pr*t)) 



Using selfadjointness of the multiplication operators the first and third summand 
cancel out and we get 



\a' t \ < 2\{* t ,pf<((N-l)v$(x 2 -x 1 )-v*\<p t \ 2 (x 1 ))qf t 9 t )\ 
Using {y,p£*v%{xi -x 2 )pt t ^) = <*,(w*l^t| 2 )(a;i)P2**> and Lemma [23] (d) 
\a>\ < 2\^ u p^((N-l)v^(x 2 -x 1 )-v^\^\ 2 (x 1 ))qfq^ t )\ 
+2\(* u p^q$*((N - l)v$(x 2 - x x ) -v^\^{x x ))qrpt^t)\ 
+2\(^ u p^q^((N - l)vf(x 2 - Xl ) -v^Wx^q^qt^ 
< 2\^ t ,n^p^p^((N~l)v^(x 2 -x 1 )-v*\^\\x 1 ))(n^)- 1 qr q ^^ t )\ 

+2 (ibf <zr**n 2 + ibr«r*tii h^tm) (\\(n - + n«* i^rnj 

Remember that in the case = the scaling is such that = 7V -1 v, thus 
ll<lli = W -1 N|i and II^IU = TV-^blU. Note also that ^5 < + 
and thus N?* < n Vt + -f=. It follows that 



Using Lemma 12.31 (c) it follows in view of |(5J| that one can find a C < oo such 
that 



thus by Gronwalls Lemma at — * for AT — > oo uniform in i < T (under the 
assumptions above, in particular ao — > for AT — > oo). 




+2C 



(iK^r^tf + IK*^**!! Ikr^^ll) 



\a' t \ < Ca + CN- 1 ' 2 , 
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4 Derivation of the Gross-Pitaevskii equation 

Let us now consider the case < j3 < 1. Then ([3]) becomes the Gross Pitaevskii 
equation 

i±tf p = (-A + A t ) tf P + 2a\<prM P ■■= h GP v? P ■ 0) 

The respective Gross Pitaevskii energy is given by 

e gp = E ^+Er t -.= {V^ p ,V^ p ) + {^ P Mt+a\^ p \ 2 >f P ) 

= {tf p ,{h GP -a\tf p \ 2 )v? P )- (10) 

To control (^ t , n^? ^ t ), the solutions tp GP of the Gross Pitaevskii equation wc 
shall consider have to satisfy some additional conditions. If we have in addition 
sufficiently strong decay conditions on ip GP in t we can even get control on the 
respective at uniform in t < oo. Therefore we shall define next the sets Q and 
Gdec of solutions of ([9]) which satisfy these conditions 

Definition 4.1 

g : = wr : ij t ^ p = h Gp v Gp -, i^r lu+ii v^r iioo+ii A^r iioo < ^ v * > o> 

and 

i-OC 

Gdec ■■= W? P eG: y? P \\oo + ||VV? p ||oodt < oo} 
Jo 

Furthermore we shall — depending on f3 — need some conditions on the 
interaction Vg . These conditions shall include the potentials we used in the 
introduction, i.e. potentials which scale like (x) — N~ 1+3 @v(NPx) for a 
compactly supported, spherically symmetric, positive potential v £ L 1 n L°° . 

Definition 4.2 For any < [3 < 1 let 

W/3 := {vp pos. and spher. symm. Vg (x) — V x > RN~P for some R < oo} . 

For any < < 1 let 

V/j := {v$ € Wp : lim^v^oo N 1 ^^ \\oo < oo; 

lim^oo N 1+S (\\v$ ||i - a/N) < oo for some S > 0} 

and let 

Vi := {< € Wi : lim 7V 1+,5 (scol(<) - a/iV) < oo /or some 5 > 0} , 

where scat(v) is the scattering length of the potential v. 
With these definitions we arrive at the main Theorem: 
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Theorem 4.3 Let < (3 < I, let £ Vp and let ipf p e Q. Let T < oo 
(T < oo if ipf p 6 Qdec)- Let A t be such that \\A' t \\dt < oo. Let be 
symmetric with H^oll = 1, 



*o,(^ r ) 2 *o\ =0 (11) 



lim 7V d 

AT— >00 

and 

lim JV 4 (.Ar 1 (#o,.H'#o) -^ GP ) =0 (12) 

JV— »oo 

/or some 5 > 0. 27ien 

lim 

iV- 

uniform in < t < T. 



im (V? P ) tf t \ =0 (13) 



Remark 4.4 (aj Lemma \2.4\ implies convergence of the reduced one-particle 
density matrix. 

(b) For (3 = 1 the conditions on include the hard sphere case (and po- 
tentials which scale like = N^v(Nx) for any 7 > 2) with compactly 
supported v with support-radius a: Such potentials satisfy all conditions 
one needs to be in Wi and the respective scattering length equals a/N 
(converges against a/N) as N — > 00. 

(c) Lt has been proven for a large class of external potentials that the N- 
particle ground state wave function ^ satisfies the conditions ill]) and 
(Iffy £3 [?]/. So the Theorem fits well for describing the physics of a 
trapped, cooled Bose gas when the trap is removed. 

(d) Condition flUfy can be understood as smoothness condition on \l/o- For the 
case < (3 < 1 this is clear on a heuristic level: If all particles of 'J'o are 
more or less equal to ipf p and if ^0 is smooth enough, then the energy of 
^0 is of course close to NE^ P . 

For (3=1 note, that L 2 density arguments can be used, i.e. if \13\) holds 
for some ^q, then it also holds for a sequence which converges in L 2 
against ^q. Thus we can equip 'J'o with a microscopic structure which does 
not change the L 2 norm significantly in such a way, that the energy gets 
close to NE < f p . 

With the technique we shall present in this paper this can be done rigor- 
ously. 

4.1 Proof of the Theorem 

Notation 4.5 In the following all projectors shall be with respect to </?p P . We 
shall omit the upper index (p^ p on pj, qj, Pj, Pj^ and^. 



10 



Note that due to Lemma 12.41 (a) we have some flexibility in choosing which 
term we wish to control: To prove the Theorem we can choose to control 
(\l/t, (n) 7 \l/t) for arbitrary 7 > . We shall use 7 = 1 since we shall estimate 
the kinetic energy (see Lemma T5.4I below - ) in terms of (^t,n ^t). 

Definition 4.6 Using the notation 

hj, k := (N l)v$( Xj - x h ) - ~b?T(*i) " %\<P? P \\xk) 
we define the functional a : L 2 (R 3JV — > C) — > M + by 

a(*) := (*,n#) = ||(n) 1/2 *|| 
and i/ie junctionals a' l 2 : L 2 (R 3N -> C) -> M+ by 

oi(*) = JVS>((*,fti ja (n-na)piJ>2*» (14) 
o£(¥) = Ar9f«*,fci,a(n-ni)pifl2*» ■ (15) 

Lemma 4.7 For any solution of the Schrddinger equation ty t we have 

Proof: We have for < (3 < 1 for the time derivative 

= -i(H p y : n *) + n iT 3 *) + i<#, [iff p , n ]*) 

Using symmetry of \P it follows that 
ja{*) = -i(N-l)- x J2(*il h j*,n}*) (16) 
= -iN{%, h 1:2 n *) - n /h,2#) = 2iV3 ((*, /i li2 n *)) . 
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Note that we can write for any m : {1, . . . , N} 



N 



m = ^m(fc)P fe (17) 



k=0 
N-2 



= ^ ( TO ( fc )PiP2^V-2,fe + ■yn(k)piq 2 PN-2.k-i 



k=0 



+m(k)q 1 p 2 PN-2,k-i +m(k)(l-p 1 q 2 - qip 2 - PiP2) P N-2,k-i 



N 



^ (TO(fc)pip 2 ^V-2,fe + m{k)pxq 2 P N -2,k-i 



k=0 



+m{k)qip 2 PN -2,k-i + m(k)P N - 2 ^ k - 2 ) 



N 

- ^ m ( k + l)Pl92-PiV-2,fe-l - m(k + l)qip 2 PN-2M-l 
fc=0 

-m(k + 2)pip 2 P N ^ 2 , k ) 

N 

= (to - m 2 )pip 2 + (m - mi)pi(7 2 + (m - mi)giP2 + ^ m(fc)Pjv-2,fe-2 

fc=0 

Using symmetry of "J and selfadjointness of h\^ 2 PN- 2 .k~2 it follows that 
= ^ ((*, h h2 (N(n ~ n 2 )p lP2 + 2(n - ni)pig 2 ) *)) ■ 



□ 



5 The Gross Pitaevskii equation for < (3 < 1/3 

In this section we shall control ai ; * and 0:2,* under additional conditions on j3, 
namely (3 < 1/3 for and (3 < 1 for 0:2,*. 



Lemma 5.1 We have under the conditions of Theorem \4-3\ that there exists a 
C < 00 and a £ > such that for any * S L 2 (R 3N -> C) ™tt Vi* € L 2 ( 
C) t/iat 

(aj /or < /? < 1/3 

K(*)l < c(||^ t GP Ik + \\vtpf p ||oo)(«W + 

f&J /or < /3 < 1 

|a 2 Wl < Cdl^Hoo + II V^ GP ||oo)(a(*) + || V l9 i*|| + iV"«) 



12 



Proof: Using (JT3J) and 1 = pip 2 +PiQ2 + qiP2 + qiQ2 

<*!(*) = 3 ((*, pip 2 hi }2 N(n - n 2 )pii> 2 *)) + 3 ((^pi^/ii^n - n 2 )pip 2 *)) 
+3 ((*, q\p 2 h\, 2 N(n - n 2 )piP2^)) + 3 ((*, qiq2hi,2N(n - n 2 )piP2^)) 

a 2 (*) = 3 ((*,piP2/ii,2JV(n ~ ni)pig 2 *» + 9 ({^,Piq2hi, 2 N{n - n^pmty) 

+3 ((*, qip 2 h 1}2 N(n - n^p^)) + 3 ((*, qiq 2 hi, 2 N{n - ni)pig 2 *)) ■ 

Using that A*)) = A'*)) for any operator ^4 and that * is sym- 

metric (note that pig 2 /ii,29iP2 is invariant under adjunction plus exchange of 
the variable x\ and x 2 ) and Lemma 12.31 (dc) we get 

ai(*) = 23 {{^,Piq 2 hi, 2 N{n - n 2 )pip 2 *)) + 3 ((*, qiq 2 hi, 2 N{n - n 2 )pip 2 *)) 
4(*) = S ((*, - n 2 )piP2h 1 .2Piq2^>)) + 3 ((*, qiq 2 h h 2N(n - ni)pig 2 *)) 

Note that 

V^AV- y/(k-2)/N = (fe/iV - (fc - 2)/JV) / (v^/iV + V(fc - 2)/iv) 

< (2/N)/(y/k/N) = 2(Nky 1 ' 2 , 

so we have that < (n — ni), (ni — n 2 ) < (n — n 2 ) < 2(Nn)~ 1 and Lemma [57X1 
follows from 

Lemma 5.2 Let m : {1, . . . , N} — > M+ mm#i m < n -1 , < /3 < 1. Then we 
have under the conditions of the Theorem that there exists a C < oo and a £ > 

('aj /or any < /3 < 1 

K*t,PiMi,2mgip2* t )| < cdlvPlU + II v^ GP || 

|(* t ,Pig2m 1/2 /n, 2 m 1 / 2 gi9 2 * t )| 

< cdi^riioo + iiv^ p n=o)(a(*) + a^ 7 + iiv 1(Z1 *ii 2 ) 

f&J for any < /3 < 1/3 

K*t,PiP2m 1/2 /n, 2 m 1/2 gi«fi*t>| < C(ll^ P ||oo + ||V^ GF || 0o )(a(* t ) + AT«) 

The proof of Lemma 15.21 shall be given in the Appendix for later reference 
in a more general form. 

□ 

5.1 Control of the kinetic energy for /3 < 1 

To finish the control of a(^t) we shall provide a sufficient estimate on the kinetic 
energy of ^t, in particular ||Vigi , I't||. This estimate shall be given in terms of 
a(^t), thus finally our estimate on a'(^i) shall depend on a* making a(^ t ) 
controllable by a Gronwall argument. For that we need 
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Lemma 5.3 Let m : {1, . . . , N} — ► R + loif/i m < rT 1 , < f3 < 1. T/ien we 
ftave under the conditions of the Theorem that there exists a C < oo and a £ > 
sucft £/iaf /or any < ft < 1 

K*,PU*((JV- l^fo, x 2 )-a\tf p \ 2 {x 1 )) PlP2 n<C{\\tf P Woo + \\V V > GP \\ 00 )N^ 
and 

\(^,p lP2 v^(x 1 ,x 2 )q 1 q 2 ^)\ < CJV-^H^Hoo + II V^f P |U)(«(*) + N~C) . 

The proof of which shall be given together with the proof of Lemma 15.21 in 
the Appendix. 

Lemma 5.4 Let < [3 < 1. Then we have under the conditions of Theorem 
\4--3\ that there exists a £ > such that uniform in < t < T 

||V lft v&J 2 < C ( sup {a(* s )} + N-e) 

\0<s<t / 

Proof: Using symmetry of 
N-^uH^t) = -HVi* t || 2 + (N — l)(^t, Vp(xi — x 2 )^t) + (^t,A t (xi)^ t ) , 
Thus 

||V^ P || 2 - ||V!VI/ t || 2 = iV" 1 ^, ff* t ) - £ t GP - (* t , (A t ( Xl ) + a\y GP \ 2 {x x )) * t ) 
+(<p GP , (At + a\ipf p \ 2 ) tf P ) + (*t, ((JV - lXOn - x 2 ) - a|^r I 2 (^i)) *t> ■ 

Using symmetry of "ft 

| (jv- 1 ^,^) - s t Gp ) = (* t ,4(^)* t ) - (^,a (|i*»rr) ?n 

-{rf p ,AW? P ) ~ (V? P , l(h GP - alvfT), h GP ]<p GP ) 
= (* t ,4(^)* t > - (tf p ,4tf p ) + (v>f P , [aWr\\h GP ]rf p ) 
-{y GP Mtf P \\h GP ] V GP ) 

< 4||4|| 00 (7V- 1 / 4 + a(vI/ t )) , 

where we used Lemma 12.31 (e) in the last step. It follows using condition (1121) 
that for N sufficiently small (i.e. such that N s (iV^ 1 (* Q , ff* ) - E§ p ) < 1) 




< C(N- S +N- 1 / 4 + sup {a(# s )}) 

0<s<t 
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uniform in t < T. Note that due to Lemma HOI (e) 

(* tl (A t ( Xl ) + a\^ p \\ Xl )) *t) - (V? P , (At + a\rf p \ 2 ) tf P ) 
< AiWAtU +a\\rf p \\l)(N- 1 / i + «(*,)) > 

thus 

|||Vi#t|| 2 -||V^ G T| < C(N- 6 + TV" 1 / 4 + sup {a(* s )» (18) 

0<s<t 

+ |<* t , ((^v - i).^^ - X2 ) - ai^TM *t)| ■ 

We get using symmetry of ^ and self adjointness of the multiplication operators 
for the last summand in (JT5J) 

<* tl ((N - 1)^(1! - x 2 ) - a\<p? p \ 2 (x 2 )) **) 
= (piP2* t , ((TV - 1)^ (n - x 2 ) - a |<^ GP | 2 (x 2 )) pip 2 * f ) 
+25R (pipa^t, (JV - l)t# (xi - ar 2 ) - a|p GP | 2 (l - Pipa)*t) 
+(iV - 1) ((1 - PlP2 )* t ,v% ( Xl - x 2 )(l - pipa)* t ) (19) 
-a ((1 - Pl p2)*t, k?T(l ~ PH»s)*t) ■ 
Using symmetry of \tj , the absolute value of the second term is bounded by 
4(iV - 1) \(pi P2 Vt, (N - l)v$ {xx - x 2 ) - a\rf p \ 2 Pl q 2 %)\ 
+ 2(N-1) \(pi&tVt,vf[(xi - x 2 ) qi q 2 %)\ 

Using Lemma 15.21 in its more general form as given in the Appendix and using 
positivity of v@ (implying positivity of line (|19[) ) we get that 

> -C(a^ t ) + N-^-ayf p \\l ||(l- Pl p 2 )* t || 2 . 
Writing 1 - pip 2 = Piq 2 + qiPi + qiq 2 Lemma H31 yields 

^* tj fev$(x j -xi)-a\<p? p \* ) j f t ^>-C(a(^)+iV-«+iV- 5 + iV' 3 - 1 ) ) 

(20) 

so with ([15]) 

|||Vi* t || 2 - ||V^ GP || 2 | < C(N- S +N-^ 4 + snp {a^s^ + N-l 3 + N' 3 - 1 ) . 

0<s<t 

Note also that ||V* t || 2 = ||Vpi* t || 2 + ||Vqi* t || 2 and 

||vpi* t || a - liv^f = \\v<p? p f(\\ Pl %f - 1) = ||v^ p || 2 || gi * t || 2 

< ||V^ p || 2 ||n* t || 2 <||V^ p || 2 a(^). 
Choosing £ < min{<5, 1/4, /3, 1 — (3} Lemma T5.4I follows. 

□ 
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5.2 Proof of Theorem S3] for /? < 1 /3 
Lemma 14.71 with Lemma 15.11 and Lemma 15.41 gives 

K(* t )| < Cdl^lU + HV^nUX sup + N-i) . (21) 

0<s<t 

We shall use a Gronwall argument to control a(^t)- Consider the differential 
equation 

^ = C(||^ GP || 00 + ||V^ p ||oo)( sup { 7s } + iV-«). (22) 

0<s<t 

Since the right hand side of (f2"2")) is positive, the solution 7 t with 70 = a($o) 
dominates a('I't). Moreover 74 increases monotonously, thus sup < s < t {7 s } = 7s 
and 

7 ; = Cdl^lU + ||V^ p ||oo)(7 t + n-£) . 

It follows that 

In(7t + ^~ ? ) = C- / (l^floo + llV^IUJda + ffjv 
Jo 

where the integration constant Km is such that 70 = a(^Bo), i-e. 

7t = C N exp(cJ ||vf p ||oo + llV^IUds^ -N-* 

where Cat = c Kn . Note that Lemma [2^4l implies with (fTTj) that limAr^oo a(^o) = 
0, thus lirn/v-»oo Cn = and Theorem 14.31 follows for < (3 < 1. 

□ 



6 The Gross Pitaevskii equation for 1/3 < j3 < 1 
6.1 Microscopic Structure 

Definition 6.1 Let < j3\ < /?2 < 1, € V/3 2 . W^e define the potential 
Wp u fa via 



aN -l+3f3^ j Qr RN -I3 2 <x< R" u02 ; 

0, else. 



Here RN 132 is an upper bound on the radius of the support ofv^ 2 (see Definition 
and R% ^ is the minimal value which ensures that the scattering length of 



U & _ W 0uP~ lS Zer ° 



The respective zero energy scattering state shall be denoted by f¥ a , i. e. 
(-A + vg-W^ 2 )fl 02 =O, 

shall also need 

901,02 ~ L J 01,02 
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Lemma 6.2 For any < fa < < 1, vg 2 e Vp 2 

(a) 

hg, 02 \\ < V^aN-'-W Wg^U < WnaN-^ 

(b) 

(c,) The operator h := — A + vg — Wg ^ is positive. 

(d) For any (3 < 7 < 1 let B 1 := {x e M 3 : \x\ < N~~<}. Then for any 

l|l^Vtt|| + <tt,(t#-w£ i/Ja )*>>0 

Proof: Let be the zero energy scattering state of the potential ^f^- 
Since is positive and has compact support of radius rjy it follows, that 
1 > jg 2 (x) > 1 — a/(Nx)foi any x>r^. Note, that the potential ^ is zero 
inside the Ball around zero of radius RN~P 2 , hence fg i ^ is inside this Ball a 
multiple of jg 2 . 

Let Rf ii 02 be such that Kg^Jg^ 2 {x) = jg(x) for any x < N~^. By 
definition of the potential Wp i p 2 we have that dxfg l p 2 {x) > 0: i?^ ^ was 
defined to be the minimal value which ensures that the scattering length of 
vg — W$ is zero, thus d r f$(r) > for r < Rg /32 . It follows in particular that 
fg 1 p 2 < 1- Furthermore we have, since Wg ^ is positive, that /3 2 drfg 1 &i — 
d^gzndKg^fg^Kjg. 

Since ^ (a;) = 1 for x > 2N 131 and lim^oo jg (x) — 1 we get that 
Kg A < 1, thus 1 > fg u02 > jg. Since jg(x) > 1 - a/(Nx) it follows that 

\gg u02 (x)\<a/(Nx). (23) 

Since gg u02 {x) = for x > 2iV~' 31 it follows that 

iKfell 2 < a 2 N- 2 \x\- 2 d 3 x = 8N-^Tra 2 N- 2 

Jo 

\\gg 02 \\i < aN- 1 \x\- 1 d 3 x = 16N- 2 ^waN- 1 

Jo 

which is (a). 

Next we have to show that Wg 02 fg i p 2 € Vp 1 . 

Since Kg iA fg A > 1 - oJV" 1 -^ on the support of Wg A 

W^Ajg^h < Ww^jg^h < ww^h 

< {l-aN-^r^Wg^Kg^jg^ 

< (l-aN-^y'WWg^fg^U. (24) 
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Note also that Wg^Kg^fg^ = a/N: Read p» ufh := Wg^Kg^fg^ 
as a classical charge distribution which must compensate the charge a/N (recall 
that Kg fj2 fg il32 (x) = 1 - a/{Nx) for r N < x < N' 13 ) to get that the potential 
(fjy=Kg i p 2 fg l b 2 i s zer0 outside the support of Wg l p 2 . With it follows 
that 

lb^N^QlW^J^JU-a/N) < oo (25) 
and again using ([24]) 

lim iV 1 -' 3l (||M/ /3 % 2 || 1 -a/7V)<co. 

iv — >oo 

It follows that the support of Wg uP2 is of order TV 301 . Since Wg uj3 Jg u02 is 
spherically symmetric, positive and equal to zero for x > Rg ^ it follows that 

With (J2SJ) and using that ^ is defined such that \\Wjg pjg J\oo < 
WW&frU = aN-W> it follows 'that Wg u0 jg A G V*. 

We show (c) by contradiction. Assume that h is not positive, thus it has 
a ground state x- Since fg u p 2 is by construction a positive function and so is 
the ground state x it follows that f fg i/32 (x)x*(x)d 3 x > 0. But fg 1 g 2 is the 
generalized eigenfunction of h with energy 0, so J fg i ^ 2 {x)x* {x)d 3 x — which 
leads to contradiction and (c) follows. 

We shall also proof (d) by contradiction. Assume that there exists a % € 
L 2 such that (Vx,ls 7 Vx) + {x>(vp ~ Wft.ft,)*) < °- Since our potential 
is spherically symmetric we can assume without loss of generality that x is 
spherically symmetric. Defining the function ip(r) := x( r ) f°r r < A~ 7 and 
(p(r) = xiN^ 1 ) for r > A~ 7 it follows that 

(p,M = (Vx,iB r v x > + - ^, fe )x> < o . 

This contradicts (c) and (d) follows. 

□ 

6.2 Control of the kinetic energy for (3 = 1 

Next we shall control the kinetic energy ||Vi\E r || for (3 = 1. Note that in this 
case, a relevant part of the kinetic energy is absorbed to form the microscopic 
structure. That part of the kinetic energy is concentrated around the scattering 
centers. 

The microscopic structure can — as long as there are no three particle inter- 
actions — be controlled using Lemma ROl So we shall first cutoff three particle 
interactions without disturbing ViVl/, i.e. we define a cutoff function which does 
not depend on x\ and cuts off all parts of the wave function where two particles 
Xj, Xk with j ^ k, j, k 7^ 1 come to close (i?i given by Definition 16. 3[) . 

After that we shall subtract that part of the kinetic energy which is used to 
form the microscopic structure. The latter is concentrated around the scattering 
centra (i.e. on the set Sj given by Definition [63]) . 
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Definition 6.3 For any j, k = {1, . . . , N} let 

s jtk := {X e K 3W : \ Xj -x k \< A^ 26 / 27 } (26) 



5j := l^J Sj.k Sj :— W. 3N \Sj 7Zj,k '■— [J Sfc,z ^j,fc := ^ 3N \T^-j.k 
Proposition 6.4 

||*t - l*,*t|| <civ- 7 / 54 . 

Froo/: 

Using Holder and Sobolev we get 



||*t-l*,*t|| = ll*t% 3 .,J| 2 < ||%,,J 3 /2 ||*t 2 ||3 = |^, fc | 2 / 3 ||* t ||2 

< (N - l)||Vi* t || 2 (iViV- 26 / 9 ) 2 / 3 < iV- 7 / 27 ||Vi*t|| 2 . 
Since ||Vi*t|| < C the Proposition follows. 

□ 

Lemma 6.5 Let under the conditions of the Theorem (3 < 1. Then there exists 
a 7 > such that for any t€R 

Hl^Vift^tll < C(a(* t ) + / a(* s )d S + 7V~ 7 ) (27) 

Jo 

lll^^iv^i-^)**!! <CJ\T 1 (a(*t) + / a(y s )d S + N->) (28) 

Jo 

Proof: Below we shall use from time to time that for any / <G L 2 , any g e L 1 
and any normalized 'J, x 

ii/^i - X2 ) Pl n 2 = (*pi/ 2 (^i - ^jpi*) < iifiiiii^iiL 

and 



GP\\2 

CO 



(XPiSfci - x 2 )pi$) < \\g\\i\W 
Thus 

||/(a:i-a;2)pi||op< ll/ll lk GP |U (29) 

and 

\\vig{x 1 -x 2 ) Pl \\ op <\\g\\ 1 \\i P GP \\ 2 00 , (30) 
where || • \\ op stands for the operator norm 

P!lo P := || inf i ||^||. 
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Let us now prove Lemma 16.51 Recall (TT51) 

C(N- S + N- 1 ^ + sup 

0<s>t 

> llVx^H 2 - ||V^ P || 2 + <* t , ((N - l)<(.i - x 2 ) - a\^ p \ 2 { Xl )) * t > 
= (Vi¥ t , l Sl Vi*t) + (Vi*t, l 3l Vi* t ) - ^ 



+(*t.2% 1J «i r (a'i-a!j)*t> ■ 



By definition of the set 1S1 the support of the potentials v± {x± — Xj) and 
Wpyixx—Xj) are subsets of S\ :— M? N \S\. Furthermore we have by definition of 

the set 72-ij that the support of the potentials (vf {x\ — Xj) — W^ A (xi — Xjfj 
are pairwise disjoint for different j. It follows with Lemma 16.21 (d) that 

(Vxtft.l^Vx*,) + (* t ,^l Kl , 3 « (X! -x,-) - Wg^xi - Xj )) * t ) 
is positive and 



V % .<(xx - ^)* t ) < C(jV" 5 + TV" 1 / 4 + sup {a(* s )}) . (31) 

— 
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For the last summand in the first line we have using positivity of Wij 



+25R ((l-p lP2 )* 4) ^W^^x - xj) - a\<pf p ( Xl )\ 2 pip 2 V t 



((l-puja)**,^)!^ /^(n - sjjpipa** 

+ ((l-p 1 p 2 )* t ,^l Kl ^.W /3 w 1 ( a ; 1 -^)((1-Pip 2 )* t 
-<(1 - pi P2 )* t , a|^f p (ar 1 )| 2 ((l - PlP2 )^t) 

6 
3=1 

We already got bounds on Si, S3 and S^: All these terms appeared in (fH 
above and could be estimated by the right hand side of Lemma 15.41 S5 > 
since W^g is positive. For S 2 we have 



< (N- l)\\piW£i(xi - x 2 )pi\\ op .p 2 V t \\ 2 



< 



(N - l)\\piW£i(xi - x 2 )pi\\ op (11%^**!! + ||l. aJ P2*t 



which is in view of Proposition 16.41 bounded by the right hand of (|2T|) . 
For S4 we have 



3£ ( ((l-pip^t^^W^ixi-x^pip^t) 

m ' J 



(32) 



< 2(N-l)\\^W£ 1 (xi-x 2 )(l-pip 2 )V t \\ \\ln l!2 ^wj[i(xi-x 2 )pip 2 %\\ 
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Using Holder and Sobolev we have 



< 



\\>/w^ l (.x l -x 2 )9 t f < \\w^\\ 3/2 \\ni 

(J l^iWI 3/2 ^V 3 l|V*|| 2 < C(N~ 3 / 2+3 P/ 2 ) 2/3 = CN~ 1+ P . 
Since 

\\tn 1 . 2 ^wl 1 {xi-x 2 ) PlP2 V t \\ 2 < \\ P 2t Wi2 p 2 \\ op \\^/w^ 1 (x 1 -x 2 )p 1 ^ t \\ 2 
< \Kia\CN- 1 < CNN-^N' 1 = CW~ 26/9 

it follows with (|32p that S4 is bounded by the right hand side of (|27|) . Hence 
< C(N- 5 + TV" 1 / 4 + sup . (33) 

0<s<t 

For the first summand in (1331) we can write 



ll^Vi^tH 2 > ||l 5l Vipi* t || 2 + ||l 5l Vigi* t || 2 -2|(Vi ( ?i* t ,Vipi* t 
-2|(Vigi*t,l 5l Vipi* t )| 

> ||Vipi* t || 2 + Hl^Vigi^tH 2 - Hl^Vipi^tH 2 

+( qi V u A lPl V t ) - ||Vi?i* t || 11% Hi /2 llVi^lU 

> ||V(^ GP || || Pl * t || + Ijl^Vigi^tH 2 

-ii%ji 2 nv^r iil - iki* t n iiA^r iioo ibi* t n 
-(iivi^ii + iivxpt^H) h%ji; /2 nv m GPi ' 



1 00 



Since 



II % x II 1 < N\ Sl . 2 \ = 4/3tt7V- 17 / 9 (34) 
we can find a 7 > such that 



< E km (l - b t * t || 2 ) + C(a(* ) + a(*t)) + C / a(* s )ds + CW"^ . 

Jo 

Using that 1— H^t^tll = Ikt^tll 2 < ctfif) and that both summands are positive 
the Lemma follows. 

□ 
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6.3 Redefinition of a for 1/3 < j3 < 1 

As mentioned in the introduction one has to control the microscopic structure 
of W when (3 increases. On the technical level that means, that for [3 > 1/3 
the a[ and for f3 = 1 the a' 2 can't be controlled. We have to equip the cti/ 2 
with the respective microscopic structure. We shall do that by adding the 
functions A1.2 to a\/ 2 and A^ 2 to oe' 1 / 2 in such a way, that A / 12 (4 , t) is the time 
dericative \i^{^t) if solves the Schrodinger equation and ai :2 + \i, 2 becomes 
controllable. 

First note that we can replace in the estimate of the second term in Lemma 
(a) ||Vigi* t || by ||l 5l Vigi* t ||: 



Lemma 6.6 Under the conditions of Lemma \5.2\ we have for < (3 < 1 

I (tf t , Piq2m 1/2 h h2 fh 1/2 qi q2^t) \ 

< C(||^|U + \\Vrf p \U(a(V) + N-r + ||l 5l V igi ^|| 2 ) 

The proof shall be given in the Appendix. 

Definition 6.7 Let uf e Vi- 

We define 

A 2 (*) := N(N-lp(^f,g^ 9tl (x 1 - X2 )(n-n 1 )p 1 q 2 ^)) 

and 

A 2 (*) := N(N-1)S((*, [H,g^ /9A (x 1 -x 2 )(n-n 1 )p 1 q 2 \ *)) 

-7V(7V - 1)3 <$ 9)1 (izi - x 2 ) [H GP , (n - n^piqa] *)) . 

Lemma 6.8 There exists a 7 > smc/i </ia< 
(aj For any solution of the Schodinger equation ^ t & L 2 (M. 3N — > C) 

i^A 2 (*t) = A£(* t ) 
at 

f&J T/iere exist a C < 00 such that for any * € L 2 (M 3Ar — > C) 

|A 2 W - a' 2 (*)| < C(||^riloo + UV^flU) (iV-^ + (lniV)V3 aW ) . 

(35) 

|A 2 (*)| < CJV-TII^Hoo 

Proof: (a) follows as above, using that 4rfh — ~[H GP ,m\. 
For (c) we have with Lemma 12.31 



|A 2 (*)| <^ 2 ||< 9il ll |k t GP ||oo Un-n^n^CN-^W^W 
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For (b) we have since 

[H,g^ 1 (x 1 -x 2 )} = [H,f^ /9tl (x 1 -x 2 )} = -[A 1 + A 2 ,f^ 1 (x 1 -x 2 )] 
= (Ax + A 2 )f 8 N /9A ( Xl x 2 ) + (Vi$ 9il (*i - x 2 ))V, + (V 2 .^ 9il (x 1 - x 2 ))V 2 

= « - ^l)/^* 1 - ^ + ( V 1<9>1 - *2))Vl + (Va^,!^! - x 2 ))V 2 

that 

A' 2 (f) = N(N-l)^^,[(H-H GP ),g^ 1 (x 1 -x 2 )(n^n 1 ) Pl q 2 \^ 
+N(N - l)9f«*, (« - ^ 94 )/ 8 ^ 94 (x 1 - x 2 ) 
+(Vi58/ 9 ,i(a;i - !C2))Vi + (V 2 5g/ 9i i(xi - z 2 ))V 2 ) (n - nOpifctf)) . 

It follows that 



A' 2 (*)-a' 2 (*) = N(N-1)Q (*, 



AT 



-ffljv 



+7V(7V - 1)9 ((*, Wi} 9tl g? /9il ( Xl - x 2 )(n - n^q^)) 

+N(N - l)9f«*, ((Vl^/g,!^! - X 2 ))V! 

+ (V 2 ^/ 9 ,i( x i - ^2))V 2 )(n - nOpifctf)) 

-JV(JV-l)9f /*,5|/9,i( Jc i -^(n-nOpigu^"^' ~ 



2 N 



y \ j=i fe=3 , 

+JV(JV-l)9f [/*, X v^(x J ~x k )g^ 1 (x 1 -x 2 )(n^n 1 )p 1 q 2 ^\ 

\ \ 2<j<k I 
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Using symmetry of \& and Vig^ g 2 
A 2 (*)-a 2 W 



AT(iV — 1)9 ( 



AT 



-a N ^2 \ ( Pt P \ 2 ( x i)>98/9,i( x i ~ x z)(n ~ ™i)Pi<72 



+iV(iV - 1)3 W^ 9)1 /^ 9tl (a:i - x 2 )(n - n^q^)) 
~N{N ~ 1)3 (Vafl$ 9) i(:ei - x 2 ))V 1 p 1 g 2 (n - ni)*) 
-iV(iV - 1)3 (Vifl^ 9il (aji - x 2 ))V 2Pl g 2 (n - n x )*)) 



AH 



AT! 



AT! 



AT! 



AH 



A^! 



1)3 


(*> 9g/9,i(xi - x 2 )(n - ni)piq 2 Vp (xi 






(*j 58/9, ~ x 2)(« - ni)piq 2 v$ (x 2 


-a*)*)] 


f*( 


(*i 58/9,1 fal ~ x 2 ){n ~ n^p^Vp [x x 




7 3 ( 


(*> 5g/9,l (^l - a; 2)(^-":i)Pl92^(2:3 




f»( 


Ap, u^(x 2 - ai3)58/9 1 i(a ; i ~ ^2)(" - «i 


)Pl92*) / 


! 3 ( 


(xi - 0:3)58/9,1(^1 - 2>2)(™ - ni 


)Pl92*)^ 


! 3 ( 


(2:3 - ^4)58^9, 1(^1 - ^X" - ni 


)Pl92*)^ 



10 
i=0 



(36) 



For the first summand we have 

r2„ll,„GP||3 



\S \ < 2N^r\\t \K /9 J\\(n-n 1 )p iq2 n 



With Lemma I6T5I it follows that |5o| is bounded by the right hand side of (|35|) . 

Using as above (see proof of Lemma l5TTj) that 3((4 r , A*)) = -3((>3>, A**)) 
for any operator A and that \& is symmetric (note that piq 2 Vp (x% — x 2 )qip 2 is 
invariant under adjunction plus exchange of the variable Xi and x 2 ) and Lemma 
1231 (d) we get for Si 

\S±\ < NiN-l^^^mWij^g^-x^in-n^q^)) 

+N(N - 1) |9f gi^^i/g^g.i^i - i a )(n - 

Since W^ 9 j/^/g ± € V/3 2 (see Lemma [B~2l (b)) it follows with Lemma \6. 61 that 

< Cdl^lU + ||V^ t GP |U)(a(*) + ||l Sl Vi«i¥t|| + AT*) . 
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With Lemma l6~5l it follows that |5i| is bounded by the right hand side of 
For S 2 and S3 we get integrating by parts 

S 2 + S 3 = N(N-l)%((v 2 y,(gg /91 (x 1 -x 2 ))V lPl q 2 (n-n 1 )^ 

N(N - 1)9 ((( qi q 2 + 1 - qi q 2 )V^, ($ 9A (X! - x 2 ))V 2Pl q 2 {n - n x )*)) 
+2iV(iV - 1)3 ({{qiq 2 + 1 - (3^9,1(^1 - x 2 ))ViV 2Pl q 2 {n - n x )* 

Thus 

|S 2 + S 3 | < AT(iV- 1)|| V 2 *|||| 9 f /9)1 ||||V 1 ^|U|b 1 g 2 (n-n 1 )*|| 

+JV(JV-l)||«iV 2ft (fi2-n3)*|| ll< 9 ,ill ||vf P ||oo II V 2 pi<7 2 (n - ni)*|| 
+JV(JV-l)||Vi*|| ||<$ 9)1 ||i ||^ GP ||L ||n-nJ op ||V 2<72 *|| 

+2N(N-l)\\ qi q 2 (n 2 -n 3 )n \\g£ /9 Ji \\ip? P \\oo ||Vipf p ||oo || V 2 pig 2 (n - «i)*H 
+2JV(JV- 1)||*|| ||58/9,illi IkPlU HVi^lU lln-nil^llVa^ll . 

With Lemma T6. 51 it follows that |5a + 63 1 is bounded by the right hand side of 
H). 

For S4 we have 

n r„._„\\\ \\,„GP /„,n\\ 11 /»,JV,Trii_L„ii,oGP 



|5 4 | < ^(iv-i)n*n 11^/9,1(^-^)11 yrWoo iiii^ii ii^*n+aii^iioo 11*11) . 

With Lemma 1631 it follows that IS4I is bounded by the right hand side of (f35|) . 
For S5 we have using q 2 = 1 — p 2 



\S 5 \ < (J^^ 3 (((Pi + gi)V^J(^2 - a; 3 )*,g^ 9)1 (xx - x 2 )(n - ft^piv^J^a - ^3)*)) 

(gig 2 + 1 - 9132)5^/9,1(2:1 - X2)(n-ni)piP2Vp(x2 - x 3 )* 



(AT — 3)! 

For the first summand we have 
AH 



< 



(N-3)\ 



(N- 

N\ 



^ U (pi + qi)^p(xa - x 3 )^,g^ /g l (xi - x 2 ){n - n 1 )p 1 ^/v^{x 2 - 23)* M 
— 11^(^2 -za)*!! ll(ni-n 2 )9ig2||op||^/9,illi ll^ GP HL ll^fo-a*)*!! 



^ Ar _ 3 ^ ! ll(«i -n 2 )qi^Jv^{x 2 -x 3 )*|| 

Ilfl8/9,lll Halloo \\jv»{x 2 -X 3 )*|| 



which is due to Lemma 16.51 and Lemma 12.31 bounded by the right hand side of 
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([55]) . For the second summand we have in view of Lemma 12.31 (d) 



< 



(N-3)\ 



S K (<7i<7 2 + 1 - Q , ig , 2)38/ 9 ,i( a;i ~ X2 )(" ~ ni)PiP2Vp (x 2 ~ x^jj 



j^^um-m^n \\ g N g j yf p \\i Wyfijiw \\^(x 2 - X3 m 



+jj^jiH 9 ,ih y? p \\ 2 \\n-m\\ op y? p \\oo \\yfi$\\ \\y/v»(x 2 -x 3 m\ . 

With Lemma [6"3I it follows that \Ss\ is bounded by the right hand side of (|3"5|) . 
Similarly we get for Sq using Lemma 12.31 (d) 



AH 

< 



+ ||(fi l -fi 2 )«i©*|| ||^ 9)1 || ||^|U a/iV||^|| ||vl/|| 



With Lemma 1631 it follows that \Sq\ is bounded by the right hand side of (f35|) . 
For S 7 + Sio we use (JT7|) to get 

S? + S w = - (N m AV % ((*,gs, ,i(xi - X2)Qv$(x 3 - s 4 )*)) 



AH 



-3 ((*, .gf/g ^X! - ar 2 )t# (x 3 - Z 4 )Q*)) 



(iV-4)! 
with 

Q = (n~n 2 -ni+ n 3 )p x q 2 p 3 p^ + (n - 2ni + n 2 )(piq 2 p 3 q 4 + Piq 2 qnPi) ■ 

Since \/fc- VA r_ 2-v / ¥^T+Vfc _ 3 < C£r 3 / 2 and \/fc-2Vfc — T+v / ¥^2 < 
Ck- 3 / 2 it follows that 

Q < N~ 2 n~ 3/2 (piq 2 p 3 p 4 +p\q 2 p 3 qi + Piq 2 q 3 Pi) ■ 
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< N 2 
+N 2 
+N 2 
+N 2 

< 



It follows using symmetry and Lemma 12.31 that 
\S 7 + S 10 \ 

Q (0$, gi^r 1 9s/9,i(xi ~ x 2 )n^ 1/2 {p 1 q 2 p 3 P4, + 2piq 2 p 3 qi)vp (x 3 - x 4 )* 
3 K*, (1 - <li<l2)g$/ 9A (xi - x 2 )n^ z/2 (p 1 q 2 p 3 p 4: + 2p 1 q 2 p 3 q i )vp (x 3 - x 4 )* 
3 (i^>,qiq 2 Vp \x 3 ~ x^n^g^g ^xi - x 2 )n~ 1/2 (pxq 2 p 3 p 4 + 2piq 2 p 3 q 4 )^ 
3 (0$, (1 - 2192)58/9,1 (^1 - £2)^ (»3 - X4,)n~ 3/2 (piq 2 p 3 Pi + 2p 1 q 2 p 3 q i )'^ 
3N 2 \\n^ qi q 2 n \\g? /9il \\ \\<p? P \\l \\yfij[\\ 
+3iV 2 ||^ /9 , 1 || 1 M P \\lo IIV^H \\n- 3/2 q 2 ^ff(x 3 - Xi )n 

+3N 2 Y / \\^M^j 1 ni2n \\g? /0tl \\ \\<p c t 



„GP||2 



+3N 2 \\^v»(x 3 -x,)n Wg^h W^Wl \\y/v$\\ \\n- 3/2 q 2 n ■ 
With Lemma [^751 it follows that |SV + 5io| is bounded by the right hand side of 

For Sg and Sg note first, that 



< CN 2 \(^,piv% {x 2 - x 3 )g^ 1 (x 1 - x 2 )n- 1 / 2 p 1 P 2 4') 



+CN 2 



(^2 - ^3)38/9,1(^1 - x 2 )n 1/2 p 1 p 2 %! 



< 



CN 2 \\Jv N p {x 2 -x 3 )n \W? P \\ 2 \\9^,ih^ 2 \W? P \\ \\Jv$(x 2 -x 3 )\ 



+ J2CN 2 \\n- 1/2 v%(x 2 -x 3 ) qi n yf p \\ \\g» /9tl \\ \\<p? p \\ \\y/v»(x 2 - x 3 )\\ 
3=1 

With Lemma lfT5l it follows that the latter is bounded by the right hand side of 
(l35l), thus it suffices to control 



5,N 



(N - 1)(N - 2)3 v% (x 2 - x 3 )g^ /9A (x 1 - x 2 ){n - n^)) 



and 



S, 



9 - 



(JV — 3)! 

instead of S& and Sg. For S's we have 

\S 8 \ < N 2 \\J^{x 2 -x 3 )n \\<pf p \\ ||<$ 9)1 || \\J^{x 2 -x 3 m 
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which is again bounded by the right hand side of (|55|) . For Sg 

\Sg\ < N 2 \\^f( Xl -x 3 )n 11^/9,1(^1- x a )yfi$( Xl -x 3 )pi*\\ . 

Note that due to ((23|) y /v 1 3 g$/ Q ~ x 2 ) < v\^a/(N\xi — x 2 \) and g^ g t (xi — 
x 2 ) < C, thus y/v ltS gg /9tl (xi - x 2 ) < vi t3 g{x 2 - x 3 ) with g(x) < C/(N\x\ + 1) 
and g(x) = for x > CN~ 8 / 9 . It follows that 

N . (a-. _ rr,\, [Zn(„. _ ^„w \Tfii <- n\\,„GP\\ \\.L,N 



K/g^xi-x^^vfixx-x^n < C||^|U \\^v%( Xl -x 3 )\\ \\g(x 2 -x 3 )n 
Using Holder and Sobolev it follows that for sufficiently large N 

\\g(x 2 ~x 3 )n 2 < Il5 2 ||3/ 2 ||* 2 ||3 = ||5||i 

2/3 



< ||V*|| 2 (j g 3 d 3 x^j 



< C||W|| 2 (n~ 3 [ \x\~ 3 d 3 x + N- 3 \ 

< CAr 2 ||V*|| 2 (lnAT) 2/3 

It follows that also Sg is bounded by the right hand side of (|35|) and (b) follows. 

(c) 

□ 

Similar as for a 2 (^f) above, we wish to equip ai(^E') with a microscopic 
structure, i.e. define a Ai(\E') and a A^*) such that JjAi(^) = A'^*) for any 
solution of the Schrodinger equation ^ t and such that a'^^f) — A' 1 ('I') and Ai(\P) 
become controllable for 1/3 < (3 < 1. As a first step we shall define Ai('J') similar 
as A2(5') above (c.f. Definition Lemma T6.7P comparing ai(^>) with ai('i'), i.e. 
we define 

Ax(*) := N(N - 1)3 ((*, g^( Xl - x 2 )(n - n 2 ) PlP2 ^)) 

and 

Ai(*) : = N(N [H,g? /7tl3 (x 1 -X2)(n-n 2 )p 1 p 2 ]*)) 
-N(N - 1)3 gfyrjixi - x 2 ) [H GP ', {n - n 2 ) PlP2 ] 
As above (Lemma 16.81 fa) and (c)) we have 

i±\ 1 (* t ) = \[(%). 

Writing 

Ai(*) := N(N - 1)3 (((p! + qi )V, g^xi - x 2 )(n - n 2 ) PlP2 ^>)) 
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we get furthermore 
||Ai(*)|| < CN^mi h^JiN-^ + CN^tpf^y^jN- 1 

For | Ai (^) — we can use (|36t - replacing g^ g ^ by gy 7 p and (n — 

ni)piq2 by (n — n 2 )pip 2 . Using symmetry, 1 = pj + qj and (fT7|) and reordering 
the summands we get 



Ai(*)-oi(*) 
iV(iV-l)9 ^pi*, 



JV 



E \<P? P \ 2 ( x j)>92/7,p( Xl ~ x 2)(n- n 2 )piP2 



3=1 



N 



-a N 



E Wf P \ 2 {xj),92/7,p{ Xl ~ x 2)(n- ri 2 )pip 2 



+JV(jV - 1)3 WfirffZ^fa - x 2 ){n - n 2 )p lP 2*)) 
-2N(N - 1)3 (^, Pl (\/ 2 g^ /7t p(xi - x 2 ))V 1 p 1 p 2 [ri - n x )¥ 
-2JV(JV - 1)3 qi(V292 /7 ,p(xi - x 2 ))ViPip 2 (fi - 



-N(N- 1)3 

(vV-3)!^ 
TV! 

(JV-3)!^ 

„ ^ ! , 
+2 (]V-3)I^ 

-2^3 



+2 

-2 



(JV-3)! 

^ , 
(JV-4)!' 

(AT- 4)!" 
JV! „ 



((*)52/7,/3( a; l " x 2 ){n-n 2 )pxp 2 Vp {x\ - x 2 )^\^ 
((*)Pi32/7,/3( Xl ~ X2 )(w - n 2 )pip%vp (x 2 - £3)*)) 
((*) <H92/7 A Xl ~ 3:2 X™ ~ n 2 )pip 2 vp (x 2 - 2:3)*)) 
( (v,piVp (x 2 - x 3 )gy 7 /3 (xi - x 2 )(n - n 2 )pip 2 ^jj 
((*, 9i v p ( x 2 ~ x 3 )g 2 / 7t p(x 1 - x 2 )(n - n 2 )pip 2 *)J 

Vp (x 3 - Xi)g2/ 7 ^{xi - x 2 ){n -ni-n 2 + n 3 ) P ip 2 p 3 q3^ 
92/7,p( Xl ~ x 2 )(ri - fix - n 2 + n 3 ) Pl p 2 p 3 q 3 Vp {x 3 - x 4 )^ 
HP, (x 3 - Xi)g2/ 7 ^{x\ - x 2 )(n - 2n 2 + n 4 )pip 2 P3P4 v l / ^ 
HP, g 2/7! p(xi - x 2 )(n - 2n 2 + n±)pip 2P3 p4Vp (x 3 - £4)* Y) 



(iV-4)! 
N\ 

~(iV-4)! 

13 

For Tq to Tn one can copy the estimates of So to Sw above and gets, that 
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X) 7 =o Tj is bounded by 



Cdl^PlU + \\Vv? P \\oo) (V 7 + (kJV)Va (*)) . (38) 

Instead of controlling T±2 and T13 we add another term which pays respect to 
higher orders of for the microscopic structure, i.e. we define 

~ ^*,.g^ 7 ^(xi - x 2 )(n- 2n 2 + n 4 )pip 2 P3P432/7,/3( ;l: 3 - «4)*)) 



(iV-4)! 



and the respective A' 3 (*), again with ^A 3 (*) = A 3 (*). 

Controlling A3 ('J) we get similar terms as the Tj above, the only difference 
being an additional operator N 2 g^ 7 p(xj — Xk)PjPk and a higher order derivative 
of n (interpreting fh — fh\ as the derivative of to). We arrive at terms which are 
bounded by (j3"5|) and the respective Tyi and T13, i.e. 



AH 



(TV -6)! 



AT! 



(N — 6) ! 



and 



AT! 



(N — 6)! 



3 (^*, ^5,65^7,(3 (^l ~ x ^)92/7,p( x 3 ~ Xi)(n - 3n 2 + 3n 4 - n^p^PsPiPsP^^j 



K ^,652/7,0 fal ~ x 2)(^ - 3n 2 + 3n 4 - n&)PlP2P3PAPbP&g2/7,f3{x?, ~ £4)*^}) 



Iteratively we add higher orders of the microscopic structure for the remaining 
terms. Each iteration yields another operator N 2 g^ 7 ^{xj — Xk)pjPk and a 

"higher order derivative of n", thus a factor N^ 1 / 7 . We stop the iteration as 
soon as all the remaining terms can be estimated by |38|) . Thus we get 

Lemma 6.9 There exists a 7 > and junctionals Ai('I') and A' 1 ( , 5) such that 

(a) For any solution of the Schodinger equation € L 2 (M. 3N — > C) 

i|A 1 (* t ) = Ai(* t ) 

f&J T/iere exist a C < 00 suc/i i/iai for any * € L 2 (M 3Ar — > C) 

|Ai(*) - «',(*)! < Cdl^lU + ||V^ t GP Hoc) (V 7 + (lniV)V3 Q( ^ 

fa 

||Ai(*)|| < CN-^^U . 
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Summarizing (|2"Tj) , Lemma [6.81 and Lemma [6.91 and setting A(4') := a(^) + 
Ai(^) + A2(\&) we arrive at 

Corollary 6.10 There exists a 7 > and Junctionals A(^) and A'('I') smc/i £/iai 
(aj For any solution of the Schodinger equation ^ t £ L 2 (M? N — » C) 

i^A(* t ) - A'(* t ) 

f&J T/iere exist o(7<oo such that for any * £ L 2 (R 3N — > C) 

|A'(*)| < C(||^|U + ||V^ P Hoc) (JV-T + (In A0 1/3 A(*)) . 

(c) 

||AW - a(*)|| < CiV^H^IU . 
6.4 Proof of Theorem S3] for /? > 1 /3 

In view of Corollary 16.101 (c) and Lemma 12.41 (b) it suffices to prove that 

lim A(* t ) = 

AT-«x> 

under the assumption limjv— >oo A r7 A(5'o) — 0. Therefore wc use the estimates we 
get from Corollarv l6.10l (b) on the time derivative of \{^>t) and a Gronwall-like 
argument. 
Using that 

I^AOM < C(||^riloo + UV^flU) (JV-T + (lnJV)V3A(* t )) 

it follows that A(\E f t ) is bounded from above by the solution fi t of the differential 
equation 

j t (i t = C(||^f p |U + HV^IU) (N-^ + (lnAT) 1 ^) (39) 

with [i = A(^o)- 

Defining £t := iV~ 7 + (lniV) 1 / 3 ^ we get from Q 

(lnAT)-V3| Ct = cqtpfWn + ||V^ p ||co)Ct • 

Thus 

Ct := ^exp (can^^^dl^lU + ||V^ P |U)^) 

with 

K = Co = + (In A0 V Vo = + (ln^) 1/3 A(* ) < iY^(l + (In TV) 1 / 3 ) 
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for N large enough. 

Note, that under the assumptions of the Theorem J Q (||<^ P ||oo + || Vipf p \\oo)ds 
is bounded. Note also, that e c ^ N ^ 3 = e c(mN)(mN)-^ = N c(mN)-^ _ gince 

Hindoo (In AO ~ 2 / 3 = it follows that lim^oo A r_7 e c(ln JV)1/3 = for any 
7 > 0. 

Thus (t tends to zero as N — > oo uniform in t < T, so does fit and so does 
A(*t). With Corollary [Hini(c) the Theorem follows. 
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7 Appendix 



GP\ 



It is left to prove the Lemma \5. 21 Lemma T5. 31 and Lemma T6.6I Since \\ipt 
is bounded we have that for any m : {1, . . . , N} — » M + with m < nT 1 

\(^,q 1 p 2 \<pf p \ 2 fhq 1 q 2 ^)\ < C||gip 2 *|| ||mgig 2 *|| < Ca(%) . 

Note also that pjf(xk)qj = for any k ^ j and any function /. So Lemma 
15. 2[ Lemma 15.31 and Lemma 16.61 follow once we have 

Lemma 7.1 Let m : {1, . . . , N} — ► E + with m < n^ 1 , < f3 < 1. Then we 
have under the conditions of the Theorem that there exists a C < oo and a £ > 
such that for any m : {1, . . . , N} — * M + with m < yfn 

(a) for any < (3 < 1 

\{*,pip 2 ((N - l)v${ Xl ,x 2 ) - a\tf p \ 2 (x 1 ))p 1 p 2 *)\ (40) 

< c(M p |U + \\v<p? p \UN-t 

\{V,Pip 2 ((N - l)v$ (xx,x 2 ) - a\tf p \ 2 ( Xl )) m qi p 2 V)\ (41) 

< c(\\<pf p Hoc + nv^r iu)iv-« 

K^PiPaw^Cxx.aja)?!^*)! (42) 

< CAT-^II^IU + ||V^ P |U)(a(*) + N-t) 
\(^,q 1 p2V^{x 1 ,x 2 )fhq 1 q 2 ^)\ (43) 

< CN-W^U + ||V^ GP || 0o )(a(*) + N-* + ||l 5l V 1? i*|| 2 ) 

(b) for any0< (3 < 1/3 

| pip 2 v% (x u x 2 )m qi q 2 y) | (44) 
< CN-\\\rf p \\ x + llV^lloo)^*) + N-t) 
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Proof: 

The right hand side of (|40[) is bounded by 



S, := sup {|(^ p (^),((^-l)^( a; i,a ;2 )-a^ri 2 ^i))^ P (^)) 2 } 
< sup {|<^ p (^i), (N- l)v$( Xl - x 2 )rf p ( Xl )) 2 a\<p? p ( Xl )\ 2 } 



+(iv-i) sup {(i^r^i)) 2 -^* («2)) 2 |}iKiii . 

bi-x 2 |<CAr-3 

The first term is equal to ((N — 1 ) | 1 1 1 — a) 1 1 (xi ) 1 1 ^ and in view of Defi- 
nition [472] bounded by C\\ipf p \\ 2 yo N^ 5 . Using Taylors formula the second term 
is of order || Vtpf p || 00 iV~ /3 , thus 

\Si\ < C(|k GF |U + HV^riloo)^ + N~ s ) . (45) 

Since under our assumptions ||<£>t ||oo + ||V<^j ||oo < oo (|40| follows. 
The left hand side of (J41"jl is bounded by 



5i||piP2*|| \\mqiP2^\\ < S 1 \\pxp 2 '9\\ ||?igiPa*|l 



With {HJ and Lemma [2731 we get (HT]) . 

Next we shall prove ()44p . To estimate this term note, that the operator norm 



of pip2Vp (xi,x 2 )mqiq 2 restricted to subspace of symmetric functions is much 
smaller than the operator norm on full L 2 (R 3JV — > C) . Therefore one has to use 
symmetry of \fr to get good control of this term. We define for some 5 > we 
shall specify below the functions m a ' b : {1, . . . , N} — > R + by m a (k) := m(k) for 
k < N 1 ^ 6 , m a (k) = for k > N x ~ s and m h = m - m a . It follows that (|44]) is 
bounded by 

\(^,p 1 p 2 v^(x 1 ,x 2 )fh a q 1 q 2 ^}\ + | (¥, Pl p 2 v% ( Xl , x 2 )m b qi q 2 ^} | 2 tf) | . 

Defining also # : {1, . . . , N} -> R+ by g(k) = 1 for k < N 1 - 6 , g(k) = for 
k > N 1 ^ 5 we have that m a = m a s and thus 



(*,?-2PiP2«/3 (xi,x 2 )q 1 q 2 fh a 1') 

N 

= (N-l)- 1 (y,Y J 9-2PiPjVp(xi ) Xj)q 1 q j m a V) 

3=2 
N 

< {N- 1)^^9-2^ {x^x 3 )p lP] n\\^ a qin- (46) 
i=2 
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Using Lemma 12.31 (d) 

(ty,pip 2 Vp (xi,x 2 )q 1 q 2 m b ^) 

N 



J'=2 
JV 

< (N-iy^YtWei^^pmn ll(™ fc ) 1/ V*ll 

N 

For any h : {1, . . . , iV} — > K + we have that 

N 

3=2 



(xi,Xk)pky/v$ (x 1 ,x j )p 1 q j hty) 

N 

■'y]{h^,PiPjVN(xi,x j )q j v N (x 1 ,x j )p 1 p j h^) 

j=2 



< (N-l)(N-2)\\V^ N (x 1 ,x 2 )p 2 \\i p \\q 3 h*\\ 



I I / / - i I ! M' ' 

I op 

+C7V 1 / 2(i v„ 1) || ( ^ )2 || 1 ||^P || 2 o|| ^ ||2 

r-2||,„GP||4 ||1:-,T,I|2 



< C(iV-l)(JV- 2)^||^ll^ll^*ll 



l<k<N 



where we used Lemma l2~3l as well as that under our conditions || ||oo < CN 3 @ . 

Note that sup 1<k<N \g{k) 2 \ — 1 and sup 1<fc<Ar |m b (fc)| = N 5 . Note also that 
\\m b _ 2 m\\ 2 < ||H V 2 2 *|| 2 < "(*) + 2A^-!/ 2 and s(k - 2)n{k) < CN- S . Thus 

\(^,p 1 p 2 v^(x u x 2 )mq iq ^)\<CN- 1 \\ipf p \\l(a^) + N- 1 +^+ 2S + N- 5 ) . 

Choosing < 6 < (-1 + 3/3)/2 and £ < min{-l + 3/3 + 26, 5} (04]) follows. 

(|42j) for < (3 < 1/3 can be proven in the same way replacing in by 1. For 
l/3</3<lwe define 



and 



^Hw^lliiV 3 / 4 , for x < TV^ 1 / 4 ; 
0, else. 



Ms) : = / I*- Vnirf (y) - UN(y))d d y (48) 
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By this Definition it follows that h N (x) = for x > A^ 1/4 , \h N \ < H^IUM" 1 , 
\- 2 , thus 

II^IU < CN- 1+ W \\h N \\ < CN- 1 -^ 2 (49) 



\vh N \ < iKiiii^r 2 , thus 



and 



-Ah N =v$-U N 



So having proven (|4"2")) for (3 < 1/3, l|42p follows once we have 

\{$,pip 2 (Ah N )( Xl - x 2 ) qi q 2 V)\ < C(\\^ P \\oo + ||V^ p ||oo)JV- £ . (50) 

Integration by parts and Lemma 12.31 (d) yield 

\(y,p lP2 (Ah N )q iq2 y)\ < \($,pip 2 (Vih N (xi-x 2 ))Viqiq 2 V)\ 

+ |(Vipip 2 *, (Vihwix! - x 2 ))qiq 2 V)\ 
= : S 2 + S3 . 

For S 2 we have similar as above 

|(*,pij3 2 (Vi/ijv(a;i - x 2 ))Viqxq 2 $)\ (51) 

N 

= (N-l)- 1 \J2(*,PiP3(Vih N (x 1 -x J ))V 1 q 1 q j y)\ (52) 

N 

< (iV-l)- 1 !^^!*!! \\Y l <lj(V 1 h N (x 1 -x j ))p 1 p j *\\ (53) 
For the last factor we write 

JV 

\\^2qj(Vih N (xi -Xj))pipj^\\ 
= ^2 {^,PiPk{^ihN{xi-Xj))qkq 3 {Vih N (x 1 ~x k ))piPj^!) 

N 

+ ^2^>,PiP J {V 1 h N {x l ~x J )) 2 Pl p^) 

3=2 

= : Si + S5 . 
Note, that Vi/ijv(^i ~ x 2 ) — ' 2 h^{x\ — x 2 ), thus 

5*4 = 22 (^,PtPkqjCVjhN(xi - Xj))(Vkh N (xi - x k ))pipjqk^) 
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Partial integrations yield 

5*4 = ^2 (Vj'VkpiPkqj i &,hN(xi - Xj)h,N{xi - Xk)piPjQk^) 

+ CS7jpipkqj^,h N (xi-x j )h N (xi-Xk)'\7kPiPjqk^) 

+ ^ {VkPiPkQj'®, h N (xi - Xj)h N (xi - x k )piV 3 Pjqk^} 

3^1 

+ ^2 (PiPkqj^, h N (xx - Xj)hN(xi - x k )V jV kPiPjqk^) , 

so as above S4 is bounded by the right hand side of For S5 we estimate 
||(Vi/ijv(aci - Xj)) 2 \\i = h N (xi - Xj)A 1 h N (xi - x ) 

which is (see below (|48p) of order N~ 2+3 @. Thus S 2 is bounded by the right 
hand side of (g5J). 

For S3 note, that Vi/ijv(xi — X2) = — Va/ijv^i — #2)- Integration by parts 
yields 

S3 ^ |(VlV2Plj?2*,/lJv(a;X - ^2)«l92*)| 

+ 1 (Vipipa*, M^i - x 2 )V 2qi q 2 y) \ 

< \\Vtf P \\ 2 oo \K(X! -X 2 )\\\ /2 \\ qi q 2 n 

+iiv^ p iico iivnu wh^ixx-x^wY 2 \\y 2qiq2 n 



and (J50J) and thus |g2j) follows. 

Next we shall prove (|43|) . We define 

M*) := J \x-yr 1 v^(y)d 3 y. (54) 

As above this definition implies that |/i/v| < ||ug]|i|:r| _:L , |V/ijv| < ||u^||i|a;| _2 , 
||/ijv||oo < CiV- 1 + 3 ' 3 , ||/ijv|| < CN- 1 -^ 2 and 

-Aft* = < • 



|(*,gip 2 W0 r (a;i - ^2)^9192*)! = |(*,m 2 (7iP2(A/ijv)(a;i - a;2)gi92*)| 

= (*,giP2TO2(A/l A r)gig 2 'I , )| 

+ 1 (* , qip 2 m 2 ( V 1 h N (x 1 - x 2 ) ) l gj V 1 q x q 2 *) | 
+ |(V \q\p 2 m 2 ^ , {Vih N {xi - x 2 ))qiq 2 ^)\ 
= '. Sq + 57 + • 
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For Sq we have 

JV 

S 6 = {N-l)- 1 \Y J (^,QiPjfn 2 { , Vih N (x 1 -x j ))ls 1 r; 7iqiq j ^)\ 

N 

< (JV — l)- 1 ||l JSl Vigi*|| \\^2q j (V 1 h N (x 1 -x j ))fh 2 qiPj^\\. 
For the last factor we write 

N 

\\}^qj(Wxh N (xi - Xj))fh 2 qiPj^\\ 2 
4=2 

= ^2 (^,m 2 qiPk(^ih N (xi - Xj^qkqji^ihNix! - Xj))m 2 qiPj^>) 

3^1 
N 

+ ^2($>,ih 2 qiPj(Vih N (xi - Xj)) 2 fh 2 qi Pj ^!) 

=: Sg + S±o . 
Note, that Vi/ijv(^i — x 2 ) — — V 2 /ijv(£i — x 2 ), thus 

5*9 = ^ {9, m 2 q lPk qj(V 'jh N {xi - Xj))CV k h N (xi - x k ))m 2 q lPj q k ^) 

Partial integrations yield 

Sg = ^2 (V 3 \' k fh 2 q lPk q j ^,h N (x 1 - x j )h N {x 1 - x k )fh 2 q lP:j q k ^) 

+ (^j^qiPkqj^,hN(xi- Xj)hN(xi- x k )Vkfh 2 qiPjqk^) 

+ ^2 km 2 qip k qj^ , h N (xx - Xj)fiN(xi - x k )m 2 qxV jPjq k ^} 

+ ^ (mzqiPkQj®, h N (xi - Xj)h N (xi - x k )V jV k m 2 q lPj q k ^) , 

Using symmetry of ^ 

\S 9 \ < 2(N- l)(N - 2)\(t So y 2 W 3 m 2 qiP 3 q2 x f,h N {x 1 -x 2 )h N (xt - x 3 )m 2 q lP2 q 3 ^)\ 

+2{N- 1){N -2)\(t S2 V 2 m 2 q 1 p 3 q 2 ^,h N (x 1 - x 2 )h N (x 1 - x 3 )t Sa V 3 fh 2 q lP2 q 3 ^)\ 
+2{N -1)(N- 2)\(t^V 2 V 3 m 2 q lP3 q 2 ^, h N {x x - x 2 )h N (x 1 - x 3 )m 2 q lP2 q 3 ^)\ 
+2(N- 1)(N- 2)\{t- s V 2 m 2 q lP3 q 2 ^!,h N {x 1 - x 2 )h N {x x - x 3 )t s .y 3 m 2 q lP2 q 3 ^)\ 
+2(N- 1)(N- 2)\(l- s V 2 m 2 q lP3 q 2 y,h N (x 1 - x 2 )h N [x x - £ 3 )% 3 V 3 m 2 giP 2 g3*) I , 

so as above Sg is bounded by the right hand side of (|42|) . For Sio we estimate 

\\(Vih N (xi - Xj)) 2 ||i = h N (x! - x j )A 1 h N (x 1 - Xj) 
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which is (see below (gSJ) of order N~ 2+313 . Using \ab\ < a 2 + b 2 we get that S 6 
is bounded by the right hand side of ([43]) . 
For SV we have using symmetry 



S 7 = j^—j\Y,( x f,qiP3^(^ih N (x 1 -x 3 ))ts i V 1 q 1 q^)\ (55) 

1 N 

- ■J^—\\\^l ( l3 { y^ h N(xi-x 3 ))qip j m 2 ^\\ ||l Si Vi«i*|| . 
Using again symmetry we have 

N 

II y^gj(Vi^Jv(^i - x 3 ))qiPjm 2 ^\\ 2 (56) 

JV 

^ X! IkjC^i^wOEi - a;j))9iPj"^2*|| 2 

+ ^ (®>fh 2 qiPkh N (xi - x k ))q k q j {V 1 h N {x 1 - x J ))gip i m 2 *) 

= (JV - l)||?j(Vi/ijv(a;i - x 2 ))qiP2m 2 ^\\ 2 

+ (N - 1)(JV - 2)(*, m 2 gig 3 P2(Vi/iAr(xi - x 2 ))(Vi/iat(xi - rEs))^^™^) 

For the first summand we have 

{N ~ l)\\q J {\7 1 h N {x 1 - x 2 ))q lP2 m 2 ^\\ 2 < {N - 1 h N {x 1 - x 2 ))\\ 2 ||^ t GP ||L ||™2<ZiP2*|| 

< C(N- l)|^f P ||L JV- 2 /V^ < CJV^ 1 (57) 

For the second summand of the right hand side of (|56j) we get using Vi/ijv(^i — 
£2) = — V2/ijv(xi — 2:2), integrating by parts and using symmetry 

(TV - 1)(JV - 2)(^,m 2 q 1 q 3 p 2 (V 2 h N (x 1 - x 2 ))(V 3 h N (x 1 - x 3 )) qi q 2 p 3 m 2 ^) (58) 
= 2(JV - 1)(JV - 2)(t S3 V 3qi q 3 V 2 p 2 fh 2 ^, (h N ( Xl - x 2 ))(h N { Xl - x 3 )) qi q 2 p 3 m 2 ^) 
+2(JV - 1)(JV - 2)(V 3qi q 3 V 2 p 2 m 2 y, {h N { Xl - x 2 )){h N { Xl - x^t-g^q^m^) 
+(JV - 1)(JV - 2){q 1 q 3 SI 2 p 2 fh 2 ^, (h N (xi - x 2 )){h N (x 1 - x 3 ))qiq 2 V 3 p 3 fh 2 ^) 
+ (JV - 1)(JV- 2)(l5 3 V 3 gig3P2m 2 *, (h N (xi - x 2 ))(hN(xi - x 3 ))qit S2 V 2 q 2 p 3 fh 2 ^) 
+ (JV - 1)(JV- 2)(t S3 tgV 3 q iq3 p 2 fh 2 ^, (/ijv(xi - x 2 ))(h N (xi - x 3 ))giV 2 g2P3m2*) 
+ (JV - 1)(JV - 2)(V 3qi q 3 p 2 m 2 ^, {h N ( Xl - x 2 )){h N (x 1 - x 3 ))% 3 £?i V 2g2 p 3 TO 2 *) 
< 2C/V 2 ||l 53 V 3 gi (?3 m 2 *|| ||V^f p ||oo ||M| 2 ||^f P ||co |kig 2 m 2 *|| 

+2JV 2 ||V 3(Zig3 m 2 *|| ||Vp? p |U HMI H^Hoo VJV||1 S12 || ||^ GP |U ||9i«2m 2 *|| 
+JV 2 || (M2 a 2 *|| 2 ||^|| 2 ||Vp? p |& 
+N 2 \\t S2 V 2 q iq2 p 2 m 2 n 2 \\h N \\ 2 \\<P? P \\l 

+2JV 2 ||%J| ||^f p ||oo ||V 3 gig3m 2 *|| H^flL ||M| 2 ||giV 2 g 2 p 3 ™ 2 v]/|| . 
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Since with 

Ills 11 = 111? \\] /2 = —N- 17 / 9 
ii s 3 n 11 S3H1 4 

([55]) is bounded by C(a(#) + TV" 1 / 18 ). With |J55J), IJ5BJ and (57]) and using 
|a&| < a 2 + fo 2 it follows that SV is bounded by the right hand side of (|4"3"]) . 

For S$ note, that Vi/iAr(a;i — x 2 ) = — V 2 hp{(xi — 22). Integration by parts 
yields 

S& < \(ViV 2 qiP2 X I',h N (x 1 - x 2 )rhiqiq 2 y>)\ 
+ | (Vigip 2 *, h N (xx - x 2 )V 2 m 1 q 1 q 2 y>) \ 

< l|V(^f P ||L IIMI 

+||V^f ^Hoo ||<^ p ||oo \\h N \\ ll^giVate*]] 

which is in view of Lemma [231 and flUJ) of order N^-f 3 / 2 and 03]) follows. 

□ 
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